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Kalman-Bucy filter

Linear+Gaussian filtering problem

dX; = AX,dt + RY2dW, eR’
dY; C X; dt + £/2 dV, ~ Fri=0(Ys, s < t).
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Kalman-Bucy filter

Linear+Gaussian filtering problem

dY; C X; dt + £/2 dV, ~ Fri=0(Ys, s < t).

{ dX, = AX,dt + RY2dW, e R’
Optimal L,-filter = Kalman-Bucy filter

X, = E(X: | Fe) and P :=E ((Xe — E(X: | F)) (Xe — E(X: | Fe)))

State estimate
dX, = A X, dt + P, C's 1 (dYt —CX, dt)
with the gain given by the matrix Riccati equation

9:P; = Ricc(P;) := AP, + PLA' — P,SP, + R with S:=C'XC
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3 classes of algorithms
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Reformulation ~~ Nonlinear Kalman-Bucy diffusion

<= McKean-Vlasov type diffusions X, such that

mei=Law(Xe | F) = N |Xe, Pl

~> Interacting with their conditional mean and covariance matrices

P, = ne[(e — ne(e))(e — me(e))]  with  e(x) := x.
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3 classes of McKean-Vlasov type diffusions

1) ”Vanilla EnKF” (~~ discrete time - Evensen 94)

dX: = AXdt + RV dW+P,, C'T 7 [dY; - (C Xodt + T2 dV, )|
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1) ”Vanilla EnKF” (~~ discrete time - Evensen 94)
dX: = AXdt + RV dW,+P,, C'T 7 [dY; - (C Xodt + T2 dV )|
2) " deterministic EnKF” (~- discrete time - Sakov-Oke 08)

71: + ﬂt(e)> dt-
2

dX:=AX.dt + RY? dW,+ P, C'L 1 {dYt -C (

3) Pure transport equation (Reich-Cotter 13):

dX,; = A X.dt

(R— PntSPm)P%l(Yt —ne(e)) dt + P, C'T1 [dY: — Cne(e)dt]

+
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1) ”Vanilla EnKF” (~~ discrete time - Evensen 94)
dX: = AXdt + RV dW,+P,, C'T 7 [dY; - (C Xodt + T2 dV )|

2) " deterministic EnKF” (~- discrete time - Sakov-Oke 08)

_ - _ X 1
dX:=AX.dt + RY? dW,+P, C'x? {dvt -C (”rz”f(e)> dt

3) Pure transport equation (Reich-Cotter 13):
dyt - A Ytdt

1 —
+ 5 (R—- P,hSPm)P,;l(Xt —ne(e)) dt + P, C'T1 [dY: — Cne(e)dt]

@ Many others, adding O, P, '(X; — n:(e)) dt for any Q) = -0, .



The Ensemble Kalman-Bucy filter
(Case 1) Mean field interpretation ~~ N + 1 interacting diffusions

dei = A €ldt + RV2dW, + p,C'T [dYt - (Cg;’dt ¥l dV’;)]

with the rescaled particle covariance matrices

1 :
Pt <1+ )PN—N Z ft—mt ;—mt)/

1<i<N+1
and the empirical measures
nN = Lt Z ds and the sample mean m; := 1 &l
FTON41, - & TN v
1<i<N+1 1<i<N+1
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The Ensemble Kalman-Bucy filter
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(Case 1) Mean field interpretation ~» N + 1 interacting diffusions

dei = A €idt + RV2dW, + p,C'x [dYt - (cg;dt + 312 dV’;)]

with the rescaled particle covariance matrices

1 .
Pt <1+ )PN—N Z ft—mt ;—mt)/

1<i<N+1
and the empirical measures
N 1 1 i
Ny = E 0¢i  and the sample mean m; := &
N+1_ - t N+1_ -
1<i<N+1 1<i<N+1

where is the Riccati equation?



Thl: The EnKF equations

9/29

The EnKF equation
1

dm; = A medt + p. C'S7 (dY, — Cm, dt) + dM
my my Pt (dY: m; dt) JN+1 t
with an r-dimensional martingale M, = (M.(k)),_, ., with

angle-brackets o o
0(M| @ M) = U+ p:Vp:.

With

1) (U,V)=(R,S) 2) (U,V)=(R,0) 3) (U,V)=(0,0)



The particle/ensemble Riccati equation
dp: = Rice(p:) dt + 1 aMm
Pt Pt JN t

Symmetric matrix-valued martingale M, = (M.(k, /1)), <,
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The particle/ensemble Riccati equation

. 1
dpt = RlCC(pt) dt + ﬁ th

Symmetric matrix-valued martingale M, = (M.(k, /1)), <,

Angle brackets = the Wick-type formula ((« @ .)*:= entrywise)

B (M| @ | M)E = py @sym (U + pe Vpr)
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The particle/ensemble Riccati equation

. 1
dpt = RlCC(pt) dt + ﬁ th

Symmetric matrix-valued martingale M, = (M.(k, /1)), <,

Angle brackets = the Wick-type formula ((« @ .)*:= entrywise)
O (M| ® | M)} = pr @sym (U + pcVpr)
~~ V > 0= CUBIC = Explosive Euler-discrete scheme

Orthogonality property

ISkl <o (M(k).M(),=o.
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In terms of random matrices with ¢ ‘= -~

VN

We = (We(i,j))1<ij<r independent Brownian motions

N
dp: £ [Ap: + peA" + R — p:Sp;] dt+ e (P%/zdwt (U+p: th)1/2>

sym

» Case 3 < (U, V) =(0,0)
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In terms of random matrices with € := %=

11/29

2
VN

We = (We(i,j))1<ij<r independent Brownian motions

N
dp: £ [Ap: + peA" + R — p:Sp;] dt+ e (P%/zdwt (U+p: th)1/2>

sym

> Case 3 < (U, V) = (0,0)~ Deterministic Riccati equation

» S =0=V ~» Wishart process

> (AR, S)=(al,8 1,y 1)and (U, V)= (/,0)~ Dyson equation
pt ~~ non colliding eigenvalues  \.(t) < ... < Aa(t) < A1(t)

dAi(t) = |2aXi(t) + B — Ai(t)’y + % > % dt+e /i(t) dW/
i J



The 1d case ~~ Closed form Riccati semigroups

Deterministic Riccati P; on R: Ricc(ws) = 0 for
Sw_=A—-)N/2<0< Swy :=A+)/2

with
A=2v/A2+ RS

(8
Vt>v>0

[IPt—W+| \/exP(z/ot[A_PsS]d5>] < ¢y exp(—At)
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Stochastic Riccati flow p; € R, with ¢ = 2/v/N:

dp; law Rice(pr)dt + € v/ pe(U + p: Vp:) dW;

with €U <2R = origin repellent
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Stochastic Riccati flow p; € R, with ¢ = 2/v/N:

dp; faw Ricc(pt)dt +€ Pt(U + Pt VPt) dW;

with €U <2R = origin repellent

Reversible measures 7 (dx) on R :

> UAV >0 ~» Heavy tails

X XE%%A ex iiA tan~ 1 [ x Z
U+ v 2 (68) 0 | VoV Vo

dx.
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Stochastic Riccati flow p; € R, with ¢ = 2/v/N:

dp; faw Ricc(pt)dt +€ Pt(U + Pt VPt) dW;

with €U <2R = origin repellent

Reversible measures 7 (dx) on R :

> UAV >0 ~» Heavy tails
2 R_1q
X kil ex i i tan ! | x Z
U+ v 2 (68) 0 | VoV Vo

» U >V =0 ~» Gaussian-type tails

2
o« xz0-1 exp l_USz <x—2 é) ] dx.
€

o



Stability Markov transition semigroup P¢ (of p;)

Th [+ Bishop, Kamatani, Rémillard Arxiv-17] VA,RAS >0

e 3(, g > 0 and some Wasserstein distance D s.t. for any 0 < e < ¢

D(p1 P, 12Ps) < exp (=X (1 = €¢) t) D(pa, 1)
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e 3(, g > 0 and some Wasserstein distance D s.t. for any 0 < e < ¢

D(uaPf, p2Ps) < exp (=X (1 —€¢) t) D(pa, i2)
eVn>13(,,ep,>0forany0<e<e¢,

E [exp [n /Ot(A - pSS)dsHI/n <cq exp (= (1—€¢) t)
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Stability Markov transition semigroup P (of p;)

Th [+ Bishop, Kamatani, Rémillard Arxiv-17] VA,RAS >0

e 3(, g > 0 and some Wasserstein distance D s.t. for any 0 < e < ¢

D(p1Ps, poPs) < exp (A (1= €%¢) t) D(pa, o)
eVn>13(,,ep,>0forany0<e<e¢,
t 1/n
E [exp [n/ (A— pSS)dsH <cq exp (= (1—€¢) t)
0

Some extensions
Case 2: Poincaré inequalities (and Ly(7.)-contractions), . ..

Consequences
Uniform estimates for state estimates + particle Riccati diffusions,. ..
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Stability of Kalman-Bucy diffusions
Stability of Riccati semigroup
Stability of stochastic flows
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Multivariate KB : Observability + Controllability

d(X: — X,)

=(A—P:S) (X; — X.)dt — RY2 dW, + P,C’'E~1/2 dV,
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Multivariate KB : Observability + Controllability

d(X: — X,)

=(A—P:S) (X; — X.)dt — RY2 dW, + P,C’'E~1/2 dV,

Steady state: 3P, > 0 s.t. Ricc(P) = 0 and spectral abscissa

(A —PS) :=max{Re(A) : X &€ Spec(A— PxS)} <0

I
STABLE EVEN WHEN A is unstable.

~» SIAM Control & Opt.-17 & Arxiv-18 (+ Bishop )
Review on the stability of Kalman-Bucy filters and Riccati matrix
semigroups @ Floquet representation of exponential semigroups
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Floquet representations

P: = ¢+(Py) flow of the Riccati equation 0;P; = Rice(P;)
1

Exponential semigroups/Fundamental matrices:
t
EwslP) = exp § (A~ 6u(P)S) du
in the sense that (with E; (P) = Id)
OtEs t(P) = (A—¢(P)S)Es +(P) and 0sEs +(P) = —Es (P)(A—¢s(P)S)

Nb.:

P =Py = E.;(Py) = ™) A=P=5 with A—P,S stable

17/29



Floquet representations 2/2

Theo.:(+ Bishop - Arxiv-18)
t
E(P) = expf (A — 6(P)S) ds = e"A=P=5) C,(P)~!
0

with
sup [|[Ce(P) ! < ¢ (1 + (@)
>0

Cor.:

16¢(P1) = ¢e(P2)ll < [|e®A=F=) || (14 | PL|® + (| P2|?) 1Py — Pl

@ same type of estimates for the time varying linear process

~

d( Xy — X¢)

=(A—PS) (X, — X,) dt — RY/2 dW, + P,C'S~1/2 dV,
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Back to the EnKF - Some observations/numerical issues

» C=0= & iid. copies of the signal = p,— Wishart process.
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Back to the EnKF - Some observations/numerical issues

v

C=0= ¢l iid. copies of the signal = p,— Wishart process.

> rank(p;) < N < r = (r — N) state dimensions not driven by Y;.

» Case 1: r =1 == p; heavy tail invariant distribution oc x~(N+3)
= Ve>0 E(e®?) =00 and Vm > N+2 E(p") = o

~» Moment explosions

v

Case 3 = Pure transport ~» simple estimates using Lipschitz and
contraction inequalities w.r.t. initial conditions
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Multivariate : EnKF
(my, X¢, pr) = (sample mean, true signal, sample covariance)
U

M
d(me—X;) = (A—p:S) (m—Xy) dt—RY2dW, + p, C'E71/2 th+d -

VN
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Multivariate : EnKF

(my, X¢, pr) = (sample mean, true signal, sample covariance)

U
dM
d(me—X:) = (A=peS) (me—X:) dt—RY2dW, + p, C'E~Y? dV,+ \/Nt

Observations:

» Time varying @ stochastic type Ornstein-Uhlenbeck diffusion
DRIVEN BY A STOCH. MATRIX-RICCATI DIFFUSION p;
> The matrix (A — pS) may be ill-conditioned in the sense that

Ip  Amax((A— pS)sym) > 0 even if A stable in dimension > 2

» Always under-biased

YVt >0 0<p:r but 0<E(p) < Py
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Multivariate case
Hyp 1: S > 0 ~~ up a change of basis

(A,S)~ (AS):=(SY?AS7V2 1) ~ +Hyp2 u(A)<0
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Multivariate case
Hyp 1: S > 0 ~~ up a change of basis

(A,S)~ (AS):=(SY?AS7V2 1) ~ +Hyp2 u(A)<0

I
Theo 1 [+Tugaut AAP-17] [Hyp 1 + Hyp2]Vn>13N,>1:

N> N, — sig[E(Hpt — P||") VE(|m; — Xe|™)| < ¢/VN
t>

for the spectral of the Frobenius norm.

Theo 2 [+Bishop et al. 17+18] [only Observability + Controllability]
Uniform Riccati estimates "even” if we have the under-bias estimate

+ Same uniform rates+ Bias-Taylor type expansions + Robustness and
Perturbations analysis (inflation, masking, shrinkage, projections,. ... ),. ..
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Nonlinear models
Extended Kalman-Bucy-filters
Extended Ensemble Kalman-Bucy-filters
A stability theorem
Uniform propagation of chaos estimates
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Nonlinear models

Extended Kalman-Bucy-filters
dX, = A(X;) dt + P,C' £ [dyt — CX, dt
with the "stochastic” Riccati equation:

9Py = OAX;)P: + P; OA(X,) + R — P,SP,
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Nonlinear models

Extended Kalman-Bucy-filters

dX. = A(X;) dt + P.C' £ [dyt ~ CX, dt
with the "stochastic” Riccati equation:

8:P: = OA(X:)P: + Py OA(X:)' + R — PSP
McKean-Vlasov interpretation

dX. = A(Xymne(e)) dt+ RY? dW,
P C'RY [dYe = (CX, e+ T2 dV, )|

with the drift function

A(x, m) := Alm] 4+ 0A[m] (x — m).

24/29



Extended Ensemble Kalman-Bucy-filters

En-EKF = Mean field particle model
del = A(me) dt + RY2dW,
4pClE [dYt - (cg;; dt + ¥/ dVi)}
with the sample means m; and covariance matrices p; and the drift

A&l me) == Almy] + OA[m,] (& — me)

Repulsion /Attraction w.r.t. m;
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Some illustrations

Langevin type signal processes
R=0%Id and (A, JA)=(-0V,—0?V)

Non quadratic potential (g € R", 91, Q> > 0)

1 1
V(x) = 5 (Qux,x) +(q,%) + 3 (o, x)3/?

Interacting diffusion gradient flows

V()= Y )+ D Uh(x,x)

1<i<r 1<i#j<r

for some convex confining potential U; : R’ + [0, oo
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Regularity conditions

Full observation S = s Id and

—XoAa = SUPeprr Amax(0A(X) + 0A(x)") < 0
[0A(x) —0A) < koa lIx =yl

Examples: Langevin signal-diffusion
(oas o) = B (27 Amn(Q1), 203/2(Q2)) -

more generally 9V > v Id @ Lipschitz condition
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Stability theorem

(Xt, Z+) := McKean-Vlasov starting at  (Xo, Zo)

28/29


https://arxiv.org/abs/1606.08256 

Stability theorem

(Xt, Z+) := McKean-Vlasov starting at  (Xo, Zo)

4

Theo [+Kurtzmann-Tugaut]

When Ay, is sufficiently large we have

W, (Law(X¢), Law(Z:)) < ¢ exp[—~t A] for some X > 0.

3 more explicit description in terms of (R, S, kaa).
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Propagation of chaos

PN .= Law(m, p;) P, := Law(?t, P:)

and
QN := Law(¢l) Q; := Law(X)
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Propagation of chaos

IP’?’ := Law(mq, pt) P, := Law(?t, P:)

and
QN := Law(¢l) Q; := Law(X)

Theo [+Kurtzmann-Tugaut]
When Apa is sufficiently large, 38 €]0,1/2] s.t.

sup W, (P, P,) Vsup W, (QF, Q:) < ¢ N7
t>0 t>0

as soon as tr(Py) is not too large and N large enough...
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