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outline - V57 VIRSINIA

“All models are wrong, but some are useful, ...
(George Box)
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outline - V57 VIRSINIA

“All models are wrong, but some are useful, ...
(George Box)
... and some are dangerous."
(Lenny Smith)
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outline B V77~ VIRGINIA

“All models are wrong, but some are useful, ...
(George Box)
... and some are dangerous."
(Lenny Smith)

Outline
@ robust ODE/DDE solvers
@ dynamical systems parameter estimation
® surrogate data
@ optimal experimental design

3/ mcchung@vt.edu



(@ robust 1sfem solvers for

e ordinary & delay differential equations (ODE/DDE)
e initial & boundary value problems (IVP/BVP)
e differential algebraic equations (DAE)

W VIRGINIA
TECH

G Hairer, SP Ngrsett, and E Wanner. Solving Ordinary Differential Equations I: Nonstiff Problems.
L161

mechung@vt.edu



(@ robust 1sfem solvers for

e ordinary & delay differential equations (ODE/DDE)
e initial & boundary value problems (IVP/BVP)
e differential algebraic equations (DAE)

W VIRGINIA
TECH

Example y =y —2e ¢, y(0) = 1 with exact solution y(t) = e™*
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Hairer, Ngrsett, and Wanner 1993.
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@ ODE: Burlisch-Bock parameter estimation problem \ZZ28 ==

v T L?Q (1)] S [(u2 +p02)sin/>t] s H

t € [0,1] with u = p = 15. Estimate true u for data
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Hans Georg Bock. Recent advances in parameteridentification techniques for ode.
R Bulirsch. Die Mehrzielmethode zur numerischen Lésung von nichtlinearen Randwertproblemen und Aufgaben der optimalen Steuerung.
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@ ODE: Burlisch-Bock parameter estimation problem \ZZ28 ==

v T [/?2 (1)] S [(u2 +p02)sin/>t] s H

t € [0,1] with u = p = 15. Results using MCMC method
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Bock 1983.
Bulirsch 1971.
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( Hénon-Heiles Hamiltonian system \V7al I

8th order Runge-Kutta geometric numerical integration 1sfem

Y1 —y3 — 2\y3y4 y1(0) 1

Yaf _ | =Ya=Ays - i) wrt 1220 Lgag 5L g andve [0, 100, 000]
Y3 Y1 " |ys(0) eI £ el

Y4 Y2 y4(0) 1

E Hairer and M Hairer. GniCodes—Matlab programs for geometric numerical integration.

6/41 mcchung@vt.edu



@ parameter estimation problem V7~ VIRSINIA

d

parameter-to-model model-to-data E

x y(x) m(y(x)) J(x,y,d) + R(x)
loss

K prior knowledge/regularization /

® x € R" parameter

* y:R" — Y model, e.qg., ODE, DDE, PDE

* m:) — R™, projection onto data, e.g., ODE evaluated at discrete
time points

deR™

e.g., J(x) = [|m(y(x)) — d||3, where || - ||, Euclidean norm

R : R™ — R regularization/prior knowledge (e.g., sparsity || - ||,)

* Interpretation as MAP estimate in a Bayesian framework
714 mcchung@vt.edu




@ parameter estimation via principal differential analysis (PDA) V2~ veci™”

X = argmin [m(y(t)) — d|; subjecttoy’(t) =f(t,y(t);x),  y(to) =¥o

"derivation":

M Chung, J Krueger, and M Pop. Identification of microbiota dynamics using robust parameter estimation methods.
Jim O Ramsay. Principal differential analysis: Data reduction by differential operators.

A.A. Poyton, M.S. Varziri, K.B. McAuley, P.J. McLellan, and J.O. Ramsay. Parameter estimation in continuous-time dynamic models using
principal differential analysis.
8/41 mcchung@vt.edu



@ parameter estimation via principal differential analysis (PDA) V2~ veci™”

(%,y) = argmin |lm(y(t)) — d|f + Ay'(t) — £(t. y(t): %)[z> subject to y(to) = ¥o
x,y

"derivation";
1. relax ODE constraint

Chung, Krueger, and Pop 2017.
Ramsay 1996.
Poyton, Varziri, McAuley, McLellan, and Ramsay 2006.
8/41 mcchung@vt.edu



@ parameter estimation via principal differential analysis (PDA) V2~ veci™”

(%,9) = argmin |[m(s(t; @) —d|3+Alls'(t; )~ £(t,s(t; @);x)l|Z2,  subject to s(to) = yo
x,q

"derivation":
1. relax ODE constraint
2. restrict to parameterized finite function space

Chung, Krueger, and Pop 2017.
Ramsay 1996.
Poyton, Varziri, McAuley, McLellan, and Ramsay 2006.
8/41 mcchung@vt.edu



@ parameter estimation via principal differential analysis (PDA) V2~ veci™”

(X,q) = argmin ||m(s(t; q))fd||g+/\||s’(T;q)~f(T, s(T; q); x)|\§ subject to s(ty) = yo
x,q

"derivation":
1. relax ODE constraint
2. restrict to parameterized finite function space
3. discretize T = [TY,...,Tu]"

Chung, Krueger, and Pop 2017.
Ramsay 1996.
Poyton, Varziri, McAuley, McLellan, and Ramsay 2006.
8/41 mcchung@vt.edu



@ parameter estimation via principal differential analysis (PDA) V2~ veci™”

(X,q) = argmin ||m(s(t; q))fd||g+/\||s’(T;q)~f(T, s(T; q); x)|\§ subject to s(ty) = yo
x,q

"derivation":
1. relax ODE constraint
2. restrict to parameterized finite function space
3. discretize T = [TY,...,Tu]"
advantages:
® simultaneous parameter and approximate ODE solve
e robustness in parameter estimates

Chung, Krueger, and Pop 2017.
Ramsay 1996.
Poyton, Varziri, McAuley, McLellan, and Ramsay 2006.
8/41 mcchung@vt.edu



@ generalized Lotka-Volterra simulation study \ZZ28 =

Consider the 4 state Lotka-Volterra system

y' =diag(y) (r +Ay),  y(0) =0
with
0 —06 0 —02
06 0 —06 —02
A=10 06 0 —02|» Y=
1 02 b2 los | 0

Goal: Estimating x = [r; vec(A); yo] give data.

N W = Ot

9/41

mechung@vt.edu



(2 data recovery

Average relative error:

80

er:$Z

J=1

m;(y) — d;
d;

Study 1 (0% noise):
er ~ 0.0331

Study 2 (up to 10% noise):

er ~ 0.0926

Study 3 (up to 25% noise):

er ~ 0.1511

10/

0% Noise

Up to 10% Noise _Up to 25% Noise
20 20

VZ? VIRGINIA
TECH
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dynamics vs. data
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@ intestinal microbiota (interaction matrix and comparison) \7/28 =i
(A) (B)

05 | >
Te o2
0 0
6® 3 1G4 *3
4 0.5 Bt
-5
PDA (A) versus published interaction matrix (B)
1. Blautia 5. Unclassified Lachnospiraceae
2. Barnesiella 6. Coprobacillus
3. Unclassified Mollicutes 7. Other

4. Undefined Lachnospiraceae

C G Buffie, | Jarchum, et al. Profound alterations of intestinal microbiota following a single dose of clindamycin results in sustained susceptibility
to Clostridium difficile-induced colitis. ; R R Stein, V Bucci, et al. Ecological modeling from time-
series inference: insight into dynamics and stability of intestinal microbiota. ; C G Buffie,
V/ Bucci, et al. Precision microbiome reconstitution restores bile acid mediated resistance to Clostridium difficile.

LAl mcchung@vt.edu



. VIRGINIA
(3 Gaussian processes \/Zal o

A Gaussian process is a collection of random variables g(t); any fi-
nite number {g(t;)}*, of which have a joint Gaussian distribution,

i.e., for finite t = [t1,...,t,]" € R™, the joint distribution is Gaus-
sian,

g(t) ~ N ([l [k(i,15))=1)

ij=1

e.g., random walk

C E Rasmussen and C K | Williams. Gaussian Process for Machine Learning.

12/6

mechung@vt.edu



(® Gaussian process prior V77~ VIRGINIA

Kernel k(t,t) is real, symmetric, non-negative, integrable function

13/461 mcchung@vt.edu



® Gaussian process prior \/Z28 CEiin

Kernel k(t,t) is real, symmetric, non-negative, integrable function

squared exponential kernel k(t,t) = T2 exp <—ﬁ |t — EH;) (r=1)

0 0.2 0.4 0.6 0.8 1
t

¢? = 0.01 (length scale parameter)
13/461 mcchung@vt.edu



® Gaussian process prior V77~ VIRSINIA

Kernel k(t,t) is real, symmetric, non-negative, integrable function

squared exponential kernel k(t,f) = 72 exp <—# |t — EH;) (r=1)

£? = 0.001 (length scale parameter)

16/61 mcchung@vt.edu



(® Gaussian process prior

VZ? VIRGINIA
TECH

Kernel k(t,t) is real, symmetric, non-negative, integrable function

Matérn kernel k(t,t) = %1(;; <@) K, <@>

i \W
2t L h

0

0.2 0.4 0.6 0.8 1
t

I’ Gamma function, K,, modified Bessel function, v =1/2
15/461

mechung@vt.edu



(® Gaussian process prior

VZ? VIRGINIA
TECH

Kernel k(t,t) is real, symmetric, non-negative, integrable function

Matérn kernel k(t,t) = 2= <@) K <@>

T'(v) s

0 0.2 0.4

0.6 0.8 1
t

I’ Gamma function, K,, modified Bessel function, v = 3/2
16/ 41

mechung@vt.edu



@ conditional distribution/prediction V7~ YiRGNA

mmmm n . 1 d Om zt Z]tT
oint distribution at t and T: ~N 5
/ [g] ( [OM} {ZTt X } )

conditional (predictive) distribution

(gld) ~ N (11, 8), withp =31, 'd and T = Zp — B2, Sy

1.5 p3)
L /N aamaEmsaammssaES mamiafad m
1 .. o ld
0.5
= 0 v,
o,
0.5 - \ -
1 [ N
151 1 I | I 1 |
0 0.2 0.4 0.6 0.8 1

718 mcchung@vt.edu



@ surrogate problem V77~ VIRSINIA

For predictive Gaussian process g ~ N(u,X) for given data
(t,d) and model y solve

% = arg min [m(y(t, x)) — gll%1 + R(x)

Algorithm: sampled GP weighted least squares
input: model y, projection m, u, X, initial guess xg
1. parallel for j = 1to J do
2: sample g; from Gaussian process N (u, X)
3 solveX; = argminy |m(y(t,x)) — gj[| 51 + R(x)
4: end parallel for
output: {ij}jzl

M Chung, M Binois, et al. Parameter and Uncertainty Estimation for Dynamical Systems Using Surrogate Stochastic Processes.

18/ mcchung@vt.edu



@ motivating example: Lotka-Volterra & model VT e

25}
2
_15¢
s
05}

° 4 618 10 e :
t
Y1 =~y Tiye  Yh = Yo — T2y
unknow parameter x = [z1, x2, y1(0), y2(0)]

State estimate |

Matthias Chung, Mickaél Binois, et al. Parameter and uncertainty estimation for dynamical systems using surrogate stochastic processes.

mechung@vt.edu
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@ Lotka-Volterra UQ

35
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25/

30

25°

20

08 09 1 11 12
P2

1

1.5

Ps

2

25

VZ? VIRGINIA
TECH.

GP prior
MeMe
IGP post
---MAP
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20
|
15
10
5
0

04 06 08 1 1.2
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marginal 1D densities with GP and with MCMC

20/41
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@ motivating example: influenza virus data & model Nz~ YEGINA

EERE e e T = g1V
. o H . -
L ; : ! | [i =pTV — kly
s i foe 0l
= I, =kl —
2 ! Kg+ I
V' =ply —cV
o 1 2 3 a 'i5l d 6‘ 7 8 9 10 1" )
e T target cells ® pvirus production rate
e J; and I, infected cells ® cclearance rate
® V virus e § density dependent clearance
® (3 “contact rate" * K, half-saturation constant

k rate (eclipse)

Chung, Binois, et al. 2019.

21161 mcchung@vt.edu



. . VIRGINIA
@ influenzavirus GP V2~ Tech

Stochastic Process

o

T

oo
o do om o

logy V(t)
w

22/ mcchung@vt.edu



. . VIRGINIA
@ influenza virus GP \ZZ28 ==

Stochastic Process

i 3 s | State estimates|

0 1 2 3 4 5 6 7 8 9
time ¢ [days]

23/ mcchung@vt.edu



@ influenza virus GP 7~ Ve

15000 ¢

density

8 x107*
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£,
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T(0) %107 »
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marginal 1D densities with GP and with MCMC

24111 mcchung@vt.edu



@ optimal experimental design framework \ZZ28 =

T (x) R(x)

s Frhr 2 1 2

X =argmingfy( x)-d [5a + 3 [Ix];
X

subjectto Cox—c. =0and Cix—¢; >0,
e C,,C;,ce,ci constraints

E Haber, L Horesh, and L Tenorio. Numerical methods for experimental design of large-scale linear ill-posed inverse problems.

M Chung and E Haber. Experimental Design for Biological Systems. 5
25/ mcchung@vt.edu



@ optimal experimental design framework \ZZ28 =

I (x) R(x)

198 SaREl: 2 1 2
2(p) = argmin iy (0, — AP Er ey + 3 E]2
x

subjectto Cox—c.=0and Cix—¢; >0,
e C,,C;,ce,ci constraints
* p € Q design parameter (Q set of feasible design parameter)

Haber, Horesh, and Tenorio 2008.
Chung and Haber 2012.
25/ mcchung@vt.edu



@ optimal experimental design framework \ZZ28 =

Bayes risk approach (average design)

min  J(p) = $E IR(P) — Xuel} + Ru(p)  subject to

I (x) R(x)

%(p) = argmin g [ly (p.x) = d(P)| 1 + & [Lx]3
subjectto Cox—c.=0and Cix—¢; >0,
e C,,C;,ce,ci constraints
* p € Q design parameter (Q set of feasible design parameter)
* [ expected value (sampling of expected value via training data
X Withj=1,..., M)
* Rp reqularization (cost) on design parameter p

Haber, Horesh, and Tenorio 2008.
Chung and Haber 2012.
25/

mechung@vt.edu



@ optimal experimental design framework \ZZ28 =

Bayes risk approach (average design)

min  J(p) = 5 E |R(P) ~Xunuellz + Bliplli  subject to

I (x) R(x)

%(p) = argmin g [ly (p.x) = d(P)| 1 + & [Lx]3
subjectto Cox—c.=0and Cix—¢; >0,
e C,,C;,ce,ci constraints
* p € Q design parameter (Q set of feasible design parameter)
* [ expected value (sampling of expected value via training data
X Withj=1,..., M)
* Rp reqularization (cost) on design parameter p

Haber, Horesh, and Tenorio 2008.
Chung and Haber 2012.
25/

mechung@vt.edu



Exponential growth \7

y =y unknown parameter x

3 = 0.0010235

pr ps =0

samples =10, discretization 101, no noise, and L = 0.1L,

26/41 mechung@vt.edu



@ Exponential growth V77~ VIRSINIA

Yy =uay unknown parameter x

0.1

0.08

0.06

aMSE

0.04

0.02

: ki 49 60 80 100
# of nonzeros

27141 mcchung@vt.edu



@ Logistic growth V77~ VIRSINIA

Y = z1y — z2y? unknown parameter x = [z, x2] |

3 = 0.0018738

pre I p; =0

samples = 20, discretization 101, no noise, and L = 0.11,,
28/ 41 mcchung@vt.edu



@ Logistic growth V77~ VIRSINIA

Y = z1y — z2y? unknown parameter x = [z, x2] |

aMSE
S

L T T

3 20 40 60 80 160
# of nonzeros

29/41 mcchung@vt.edu



Lotka-Volterra V77~ VIRSINIA

/
Y1 = T1Y1 — T2Y1Y2 =
/ X = [331,1'2,[1}3,[1}4]
Yo = —X3Y2 + T4Y1Y2

p; =0

samples =10, discretization 202, no noise, and L = 0.11,,
30/41 mcchung@vt.edu



@ Lotka-Volterra o V77~ VIRSINIA

y/l = 21Y1 — T2Y1Y2 -
/ X-= (815 E025 L35 84]
Yo = —Z3Y2 + TaY1Y2

14
1.2

aMSE

08
0.6
0.4
0.2[

=

20 40 60 80 100 120 140 160 180 200
# of nonzeros

31/ mcchung@vt.edu



@ intravenous glucose tolerance test (IVGTT) \/Z28 =5t

= 3000

S~

Qo

£ 200

o

2 100

[S)

=

w0 ! : : : : :

50 30 60 90 120 150 180 210 240

— 80

£ &

D

= 40

£ 2

2

£ 0

-15 0 30 60 90 120 150 180 210 240

? time (min)

glucose injection

2/ mcchung@vt.edu



@ glucose minimal model V77~ VIRSINIA
Minimal Model
G(t) = —z1 + X()G(t) + 1Gs
() = —ymax(G(t) — h,0)t — n(I(t) — I)
X(t) = —22X(t) + 23(1(t) — I)

G, I, X blood glucose, plasma insulin, effective insulin
Gy, I, basal level of glucose and insulin

~ pancreatic insulin release rate

h pancreatic threshold

n degradation rate of insulin
r1 glucose effectiveness

ro degradation rate of effective insulin

23 stimulation sensitivity of insulin

R N Bergman, L S Phillips, and C Cobelli. Physiologic evaluation of factors controlling glucose tolerance in man: measurement of insulin
sensitivity and beta-cell glucose sensitivity from the response to intravenous glucose.

33/41 mcchung@vt.edu



) VIRGINIA
@ minimal model - VI~ e

3 = 0.0012589

0

50 100 150 200
54 samples, discretization 241

34/ mcchung@vt.edu



@ IVGTT: sparsity vs. error V77~ VIRGINIA

0.1

0.08

0.06

aMSE(i)

0.04

0.02

OO

30 60 90 120 150 180 210 240
# non-zeros

35/41 mcchung@vt.edu



@ IVGTT: proposed design V57 VIESINA

Comparison of Experimental Designs

w

=1

=1
I

100=

glucose (mg/dl)

=]

— 80

S

~ 60

o)

2w

c

52

wv

g

H RSS_.. . e . . . .

o ORSS . . . . e -

@ OFSS <+ =+ coe oee D T R P . . . . -

o FSStmessrssaee o ee o o . . . . 3 - 7 " :
0 30 60 90 120 150 180 210 240

time (min)

36/41 mcchung@vt.edu



@ tomography - V77~ VIRGINIA
d(0) = TR(0)Xtrue + £(0)

X-ray source

® Xue € R™ true object
® fangle
* R(6) € R"*" rotation of object

e T € R™*™ transmission process

Where and how often should be
measured for good recovery?

Design constraints

® time ® cost
detector e health risk e limited resources
L Ruthotto, J Chung, and M Chung. Optimal Experimental Design for Inverse Problems with State Constraints. In: SIANV Journal on Scientific

Computing 40.4 (2018), B1080-B1100.
37141 mcchung@vt.edu



@ tomography results: rectangles V7~ YiRGNA

intuitive optimal angles [0, 90] [0,90] (hon-negative) [0,90] (box)

38/41 mcchung@vt.edu



VIRGINIA
@ tomography results: pentagons NI e

o ofs ofc o o}
e e H &

intuitive optimal angles [27, 63,99, 135, 171]
[25, 64,99, 136,171] (non-negative) [27,62,99,134,171] (box)

39/41 mcchung@vt.edu
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@ tomography results: Shepp-Logan phantom \77a G

unconstrained equality constrained non-negativity constrained pesymsmsmeneny

.
«
<

2
5
3]
2
=
1]
S
S
o
<

error £ — fi e

40 /41 mcchung@vt.edu



. VIRGINIA
@ conclusion & outlook V2~ Tech

Take-home message

flexible and robust differential equation solvers

efficient parameter estimation method using PDA

robust parameter estimation via surrogate data

* new computational framework for optimal experimental design

Outlook

e computational methods for finite element methods for
ODE/DDE/DAE

® Gaussian processes for ODE PE, inverse problems, model
reduction, missing data problems

e apply OED to various system setups

Thank you for your attention!

Al mcchung@vt.edu
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